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This paper considers the dynamics of a gas bubble in response to either a pressure
pulse or a pressure step at t = 0, both in the presence and absence of a mean flow. Our
work utilizes small-deformation, domain perturbation analysis carried to second and
higher order in the amplitude of deformation, e. In the absence of a mean flow, our
analysis of the small deformation problem for an initial impulsive perturbation of the
bubble volume and shape is closely related to recently published work by Longuet-
Higgins on the time-dependent oscillations of an initially deformed bubble in a
quiescent fluid. However, in the presence of a mean flow which deforms the bubble,
the bubble response to pressure changes is more complex. Specifically, the present
analysis identifies a number of different mechanisms for resonant interaction
between shape deformation modes and the volume or radial breathing mode of
oscillation. This includes not only a fundamental change in the resonant interactions
at O(e?) — where resonant interaction is also found in the absence of mean flow — but
resonant interactions also at the level of O(e?) which are not present without the mean
flow. On the other hand, the bubble dynamiecs in response to a step change in the
pressure distribution in a quiescent fluid exhibits similar resonant interactions at
O(€®) to those obtained for a pressure pulse in the presence of mean flow because the
bubble oscillates around a non-spherical steady-state shape owing to the non-
uniform pressure distribution on the bubble surface in both the cases.

1. Introduction

We consider the dynamic response of a bubble to rapid changes in the pressure
distribution at the bubble surface, when the bubble is immersed in an inviscid fluid
that is either quiescent, or undergoing a steady uniaxial (axisymmetric) straining
flow. The deformation of bubbles and drops driven by time-dependent acoustic
radiation pressures has been widely studied to investigate such related problems as
the fragmentation of oscillating bubbles by instability of the spherical shape,
emulsification, and sound propagation in bubbly liquids (cf. Yosioka & Kawasima
1955; Marston & Apfel 1979; Marston 1980; Prosperetti 1984, and others). To
describe the bubble oscillations in response to a modulated acoustic pressure on the
interface, the disturbance flow field must be determined with the acoustic radiation
pressure incorporated into the boundary conditions at the interface. Specifically, we
employ the method of domain perturbations to investigate small-amplitude
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oscillations of bubble shape and volume, relative to the steady-state configuration in
the mean flow. Although the recent development of numerical techniques (e.g. Miksis
1981; Ryskin & Leal 1984; Bach & Hassager 1985; Kang & Leal 1987) has been a
very important advance for this type of free-boundary problem, numerical solutions
alone are not sufficient because they give only a lumped global picture of the bubble
motion. To understand the details of oscillatory motion such as the modal
frequencies or the possibility of mode—mode energy transfer mechanisms, we need a
complementary analytical study.

Recently, a number of investigators have considered the free oscillations of shape
of a compressible gas bubble in a quiescent fluid as a possible source of underwater
sound (cf. Plesset & Prosperetti 1977 ; Hall & Seminara 1980 ; Prosperetti & Lu 1988;
Longuet-Higgins 1989a—c, 1990, 1991; Benjamin 1989; Medwin & Beaky 1989;
Ffowes Williams & Guo 1991). Although the quiescent fluid problem is therefore of
considerable intrinsic interest, many problems of practical significance involve
bubble oscillations with a mean flow at infinity (cf. Subramanyam 1969; Kang &
Leal 1988). For example, acoustic noise generation in bubbly liquids almost always
involves oscillations of shape or volume with the bubble subjected to some non-
trivial mean motion of the suspending fluid.

The interactions between changes of bubble shape, changes of bubble volume, and
the mean motion of the surrounding fluid will be shown below to lead to interesting,
non-trivial effects. The most closely related existing analysis is due to Longuet-
Higgins (1989a, 1991) who considered small-amplitude oscillations of an ideal-gas
bubble that is initially non-spherical, in a quiescent fluid. In this case, when the
frequency of the radial ‘breathing’ mode of oscillation is twice that of a normal P,
mode of shape oscillation (i.e. w, = 2w,), there is a resonant interaction, and the
breathing mode gains energy at the expense of the deformation mode, which
eventually loses all of its energy to the radial mode. The resulting volume oscillations
act as a monopole source of sound.

In the present paper, we consider small amplitude oscillations of shape and volume
for an ideal gas bubble that is subjected to an initial pulse or step change in the
acoustic radiation pressure at the bubble surface. The inviscid suspending fluidt is
assumed either to be initially quiescent or to undergo a steady uniaxial low so that
the steady-state bubble shape is non-spherical. We show that there will generally be
mode—-mode interactions between the radial and shape oscillations, and these
interactions can exhibit resonance when the frequency of the radial mode w, is
‘matched’ with one of the deformation modes. This leads to a slowly varying
amplitude envelope for both types of modes and a strong transfer of energy from one
type of mode to the other. Similar conclusions were reached by Longuet-Higgins.
However, we find that the qualitative details depend critically upon the initial

+ In the real, physical system there are a number of mechanisms for energy loss, including
viscous dissipation in the liquid, and these will damp both radial and shape oscillations. If the
damping occurs on a timescale that is shorter than the slow timescale for modal exchange of energy,
no resonant interactions will occur. This fact does not, however, minimize interest in an analytic
assessment of the details of modal coupling for the inviscid or non-dissipative limit. A
comprehensive study of damping effects requires numerical solution of the full Navier-Stokes
problem — the common techniques of simply assigning an ad hoc damping term to the modal
amplitude equations, or approximating viscous effects as occurring only at the bubble surface, do
not seem to be justified (or justifiable) in the present case. It should also be noted that the long
timescales characteristic of resonant interactions in the present work are a consequence of the small
deformation approximation and will not be relevant to oscillations of finite amplitude. All of these
matters are currently being investigated.
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conditions —i.e. whether the initial deformed shape occurs owing to a pressure pulse,
a pressure step, or is simply imposed (as in Longuet-Higgins’ case) in a quiescent
fluid. Furthermore, the nature of the interaction and its strength is strongly
dependent upon the presence or absence of the ambient extensional flow. In
particular, we will show that the flow can interact directly with a deformation mode
to enhance the resonant energy transfer from shape to radial oscillation, and, in
addition, it produces a self-induced secularity that leads to a modification of the
oscillation frequencies.

We begin, in §2, by formulating the governing equations and boundary conditions,
and discussing the basic approach to the subsequent analysis. This is followed, in §3,
by the steady-state shape for an ideal-gas bubble in an inviscid, axisymmetric
extensional flow. In the first part of §4, we analyse the bubble response in a quiescent
fluid to an impulse in the pressure at the bubble surface. In the second part of §4, we
determine the response in a quiescent fluid to a step change in pressure. Section 5
then examines the bubble response to a pressure impulse when there is a steady mean
flow. Our results are summarized in §6.

2. Formulation of the problem

We begin by considering the governing equations and boundary conditions for
oscillations of a bubble owing to changes in the pressure distribution at the bubble
surface. We assume that the fluid is inviscid with density p and that it is undergoing
an axisymmetric, uniaxial straining flow far from the bubble.} In the absence of
pressure fluctuations or external fluid motion, the pressure is uniform with a
magnitude P, and the bubble is spherical with an equilibrium radius a. The surface
of the bubble is assumed to be clean, mobile and characterized completely by a
constant interfacial tension I". Finally, we neglect all effects of gravity including the
hydrostatic pressure variation in the fluid.

The governing equations appropriate to the problem described above, can be
expressed in terms of the velocity potential ¢ and the pressure field P

Vig =0, (2.1)

aa—f+%(v¢)2+P =k, (2.2)

in which the variables are non-dimensional with respect to the characteristic
variables: I, = a, t, = (a®p/ D), ¢, = (I'a/p), and P, = I'/a.

The far-field boundary condition corresponding to the presence of an undisturbed
extensional flow with the principal strain rate E can be expressed in terms of the
second-order Legendre polynomial (%)

$—9> =1r*Py(n) asr> oo, 23)
where € is the Weber number, defined as ¢ = p(Ea)?a/I" and 5 = cos 0 (see figure 1 for

T Insofar as the analysis in this paper is relevant to understanding the bubble as a source of
sound, it should be noted that the assumption of incompressibility is only valid in the vicinity of
the bubble. However, as noted by one of the reviewers, and outlined in A. P. Dowing & J. E.
Ffowes Williams (1983), as long as the bubble radius is small compared with the wavelength of
sound in the fluid (i.e. the bubble is a ‘compact’ source), the radiated pressure in the far field is
precisely that calculated for an incompressible fluid, but with time being delayed so that ¢ must be
replaced by t—(r—a)/c.
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Ficure 1. An osclllatmg bubble in a uniaxial straining flow. The z-axis of a cyhndrlcal coordinate
system (x, 0, ) is directed along the axis of symmetry and |x|=r= (a:2-+-0'2)7 The strain-rate
tensor £ has the components E,, = }K(34,,8,,—4,)) in the Cartesian coordinate system.

the definition of the coordinate system). The bubble surface is specified in terms of
spherical polar coordinates (r,6,9), by S:r—1—f(8,¢,t) = 0. The kinematic and
dynamic boundary conditions on the bubble surface thus take the form

%+v¢-vs =0, (2.4)
P—_P,—A(6,¢, t)+%+%(v¢)2 =V-n, (2.5)

where P is the pressure inside the bubble and n is the unit outward normal at the
bubble surface. The source of the oscillations in bubble volume and shape is a time-
and spatially-dependent pressure at the bubble surface, represented in (2.5) as
A(6,,t). This type of surface pressure can be produced experimentally via modulated
ultrasonic acoustic wave fields, without producing any net motion of the suspending
fluid (cf. Yosioka & Kawasima 1955; Marston 1980).

In addition to the differential equations (2.1) and (2.2) and boundary conditions
(2.3)—(2.5), the solution for bubble shape must satisfy an additional constraint on
bubble volume, the details of which depend on the properties of the bubble. If we
assume that the bubble contains an ideal gas the pressure inside the bubble obeys the

perfect gas law
P 1T
7= [ 29

in which P, is the equilibrium pressure for a spherical bubble (i.e. P,—P, = 2 for
f=0) and {(*)) denotes the spherical surface average of (:). The parameter y
depends on the thermodynamic nature of the bubble oscillation. For an isothermal
oscillation v is unity and for an adiabatic process v is the ratio of the specific heat
capacities (y = C,/C,; y = 1.4 for air). Otherwise y ranges between these two
limiting values.

The problem represented by (2.1)—(2.8) is, of course, both time-dependent and
highly nonlinear. One complication is that the boundary conditions (2.4)~(2.5) must
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be applied at the bubble surface whose shape is unknown. In the present analysis we
utilize the ‘domain perturbation’ technique for the limit

A(0,9,1) €) < 0(1). (2.7)

In this technique, we approximate all quantltles that are to be evaluated at the
surface of the deformed bubble, in terms of equivalent quantities evaluated at the
undeformed spherical surface (i.e. f=0) using a Taylor series expansion about
f=0,fore < 1. Hence, in effect, we replace the original problem, which has boundary
conditions at the deformed surface, with an equivalent problem, for ¢ < 1, in which
modified boundary conditions are applied at the surface of the undeformed
(spherical) bubble. As a final simplification, we assume that the applied surface
pressure-distribution 4(8, ¢, t) is axisymmetric [i.e. A = A(6,t)] so that the deformed
shape of the bubble is also axisymmetric [i.e. f = f(8,)].

Based upon the preceding discussion, the kinematic boundary condition (2.4) can
be approximated for small € in the form

of o4 _ 0% 0[P .00 O & 2a3¢ —
Frimir fW_(l_"){ﬁ&}”f&}%—féZaran} 35 +O0(f%) atr=1.

(2.8)

Furthermore, the curvature at the bubble surface can be expressed in terms of f as

Von=2-2f+V2f+2f2+2fV2 f—2f3— 3f2V2f+{3V2f+17 f} 1—-97) (g)2+0(f4),

an
2.9
where V2 denotes the surface Laplacian (2-9)
0 0
2= —d(1—pt)—1. 2.

Now, for an ideal-gas bubble, the pressure inside the bubble is determined from
the thermodynamic law (2.6). Thus, the dynamic boundary condition (2.5), obtained
by using the asymptotic form of (2.6) for f< 1 and the equilibrium condition
(F,—F, = 2), can be expressed in the approximate form

G VI~ 2P
6,0~ b~ HU 2+ VES) + W+ 2D =449
o? 0 of\? 0
Attt o 0p-vp=prepravin+ - (L) fweren L)
H(@g+2) G =3+ O H Dy +2) P +H0(fY) atr= 22 »
A1)
Here w, is the natural frequency of the radial (or so-called ‘breathing’) mode of
oscillation and is defined by ~
wg = 3yPy—2. (2.12)

In the present paper, we consider the small deformation limit ¢ < 1. In this
limit it can be easily seen from (2.2), (2.3), (2.7) and (2.8) that ¢ = O (¢!) and
0/t = (3¢/0r),-, = 0 at O(e%). Thus the form of the asymptotic solution that we

seek is 1 1
¢ = €@y +eP, +egy +...), (2.13)
r=1+f=1+ef,+ef,+efy+..., at xel. (2.14)
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We now express the bubble shape function f; at each order in ¢t as an infinite series
of Legendre polynomials (i.e. surface spherical harmonics in an axisymmetric mode),

fi= 2 a; ()P, (q) (3=1,2,...) (2.15)

and the velocity potential at each order in ¢ in terms of solid spherical harmonics (i.e.
eigensolutions of the governing equation (2.1)).

Tn+1

R+ S b 20 (=0 (2.16)
¢ = y

Zb, N Pn( (j=1,2,..). (2.17)

n=0

v

All that remains is to determine the coefficients a; ,(t) and b; ,(f) which satisfy the
kinematic and dynamic boundary conditions, (2.8) and (2.11), at the bubble surface.

In the steady-state problem, for a bubble in the flow (2.3) but with 4(f,¢,t) = 0,
the coefficients a; , and b;_ 1,n A€ constant with a,; , =b,,, , =0(j=1,2,...) (cf.
Kang & Leal 1988) and it is straightforward to obtain a solution. We begin with a
brief discussion of this steady-state case in the following section.

3. Steady-state solutions

The leading-order approximation to the steady-state problem with A4(6,t) =0 is
the well-known potential flow solution for extensional flow around the undeformed
sphere (i.e. f$=0)

$s = Gr*+ir7°) B(n), 3.1)

where the superscript s will be used hereafter to denote the steady-state solution.
This solution exactly satisfies the kinematic boundary condition in the form (2.4).
However, it cannot satisfy the dynamic boundary condition (2.5) for a spherical
bubble; instead, there is a mismatch of O(e) between the dynamic and capillary
pressure distributions at the spherical surface. Thus, the bubble must deform, and we
use the domain perturbation technique, summarized by (2.8)-(2.17), to obtain a
solution.

To obtain the asymptotic forms of the boundary conditions (2.8) and (2.11) for
small € € 1, we introduce the expansions (2.13) and (2.14). Then, ¢; given by (3.1)
satisfies the leading-order form of the kinematic condition (2.8). The shape correction
at O(e) (i.e. f}) is obtained from (3.1) using the leading-order approximation to the
dynamic boundary condition (2.11). In particular, if we express f; in the form

=20} , Pu(n) (3.2)
(see 2.15), then it follows from (2.11) that

1_25u)_3 for an ideal-gas bubble,

0 for a constant-volume-bubble,

S —_—
Ay,9 =

25 5
a?,zzﬁé’ a’?,4=—1_26’ a’?,nzo (n=':072:4)
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It may be noted that the volume of an ideal-gas bubble is increased by O(wg %) from
the equilibrium value in order to balance the ambient pressure change that is caused
by the flow.

The next term in the expansion (2.13) for ¢° is O(et), and reflects the change in the
flow owing to the change in bubble shape at O(¢). The governing equation for ¢}
comes from the second term in the expansion of the kinematic condition (2.8), with
¢4 and f7 given by (3.1) and (3.2). The resulting solution, expressed in the form (2.17),
is

P
$; = Zbi,nf’n—@, (3.3)
n
in which
52(.)7’—755 3%% for an ideal-gas bubble,
0

b2 =

52(;—775—2 for a constant-volume bubble,

5 325 125

b; 4 = 5544 b ¢ = ~ 158’ b ,=0 (n*24,6).

Following the preceding analysis, the second correction at O(€*) to the bubble shape
is then obtained from (2.11). For an ideal-gas bubble, the result can be expressed in
the form

f5 =245 . Pu(n) (34)
n
L 95 ( 67 11 3y+5 3y—1
h S o= ——— -
n which .0 144{9072 6302 2wt ul }
o 125 (20011 i} y _____2_5_{469163_}__1_}
271008 (99792 T w2)’ T 37816342336 i)’
199075 2725 .
s —_=lE s o 2,4,6,8).
%6 = “39517632° 00 T 14p94ps’ (w0 (W*0.2,468)

For a constant-volume bubble, the corresponding coefficients a5 , (n = 0,2,4,6,8)
can be obtained by taking the limit w2~ co in the above solution. Higher-order
approximations for ¢°* and f* could be obtained by a straightforward continuation of
the same procedure. However, the solution obtained above is sufficient for present
purposes. _

If we summarize our results, we have shown that the shape function up to O(e?) is
given in the form

r=1+eXa , Pu(y)+e 2 a5 , P(n)+0(e). (3.5)

For the limiting case of a constant-volume bubble (i.e. @}->c0), this solution is
exactly the same as obtained by Miksis (1981) and Kang & Leal (1988). As noted in
those earlier papers, the bubble shape is not ellipsoidal at the leading order of
approximation, but exhibits a maximum radius at 6 = in which clearly indicates a
barrel-like shape. It can be seen from the present analysis that this rather surprising
feature is independent of the compressibility of the bubble.

The solution (3.5) also suggests the presence of a limit point at a critical Weber
number ¢ = ¢, for existence of steady solutions on the branch that includes the
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Numerical solution
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Ficure 2. Perturbation solutions for steady-state shape as a function of the magnitude of the F,
mode of deformation 4. Also shown is the numerical solution of Miksis (1981) and Ryskin & Leal
(1984) for wk— 00.

spherical shape in the absence of a flow. Indeed, following Kang & Leal (1988), an
estimate of the critical Weber number can be obtained by transforming the e-
perturbation into a P,-perturbation in which the small parameter is the magnitude
of the F,(%) mode of deformation,

& = 2{fB,(n), (3.6)

instead of €. In this way, the limit point which appears as a singular point on the
stable solution branch at a critical Weber number ¢, is transformed to a regular
point, and we can determine the Weber number ¢ as a function of § for both the
unstable and stable parts of the solution curve. The result up to O(8%) can be

expressed in the form €= ¢, 0+¢,08+0(3%), (3.7)
8
in which =2 o= =200
243, 5 4ay,,)°

The critical Weber number, which occurs when 0¢/08 = 0, can thus be estimated as

8
— a1,2

S 2
€ ==X at 4 =)
4aj ,

c s .
503 ,

(3.8)

The critical value for a constant-volume bubble (i.e. wi— o0) is 0.7480 which is
identical to the result obtained by Kang & Leal (1988). As noted in the earlier paper,
this estimate of the critical Weber number at which the stability of the solution
branch is exchanged is substantially below the value 1.38 obtained numerically for
an incompressible bubble by Miksis (1981) and Ryskin & Leal (1984).

In figure 2, the Weber number ¢ is plotted as a function of 8 from equation (3.7)
for three values of w2 = 4, 10 and 0. Also included for comparison is the numerical
result of Miksis (1981) and Ryskin & Leal (1984) for a constant-volume bubble (i.e.
wi—>00). Although the critical Weber number predicted by the F,-perturbation
solution is considerably below the value obtained numerically, we can see that the
general features of the solution are more or less the same. It can be easily seen from
figure 2 that the maximum value of the Weber number for the existence of a stable
steady-state solution is monotonically increased as w, increases. (The critical value
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for wj = 4 is €, = 0.3329, and the value for w? = 10 is ¢, = 0.4991.) Thus, the gas
bubble becomes less stable as the compressibility increases owing to the increased
bubble volume that is required to balance the ambient pressure change indueed by
the external mean flow.

4. Small-amplitude oscillation of an ideal-gas bubble in a quiescent fluid

In this and the following section we consider the oscillations of volume and shape
that occur for an initially spherical, equilibrium bubble in response to an
asymptotically small, but abrupt change in the ambient pressure distribution at the
bubble surface.

Longuet-Higgins (1991) considered the related problem in which an ideal-gas
bubble exhibits a spontaneous shape oscillation, beginning at ¢t = 0 with the fluid at
rest, and an initial perturbation in shape at O(¢). The corresponding initial eonditions
expressed in terms of the coefficients a; () of the shape funection (2.15) are

da, o(0) — da, ,(0)
ot ot

1 0ay, o(0) _ Oy »(0)

aZ, 0(0) = —mi (12’ n(O) = 07 ot = ot = (.

Longuet-Higgins (1991) found, in this case, that when the radial breathing mode has
twice the frequency of a normal mode of shape deformation (i.e. wy = 2w,,), there is
a resonant interaction at O(¢®) and the breathing mode gains energy at the expense
of the shape deformation mode. In fact, in the case considered by Longuet-Higgins,
the shape deformation eventually loses all of its energy to the radial mode of
oscillation.

However, we shall see from the calculations below that the details of mode—mode
interactions can be quite different when the initial deformation process occurs as a
consequence of an abrupt change in the ‘radiation’ pressure at the bubble surface
rather than passively, as in the Longuet-Higgins analysis. In this section we consider
small-amplitude oscillations of an ideal-gas bubble in response to both an impulsive
change and a step change in this pressure.

a:,0(0) =0, @, ,0)=1,

= O’
(4.1)

4.1. Impulsive response in a quiescent fluid

Let us begin by considering the bubble response in a quiescent fluid to an impulse in
the pressure at the bubble surface. For this case, the function A(#,t) can be expressed
in terms of the Legendre polynomials P,(y) for an axisymmetric mode:

A(0,t) = € 224, 5 P,(7), (4.2)

where €4, is the impulse magnitude of the P,(5) mode and d(t) is the Dirac-delta
function. To begin with, it is obvious, in the absence of an external mean flow (i.e.
$o = 0 in the solution (2.13)), that f,; = ¢,; =0 (j = 1,2,3,...) in the expansions
(2.13) and (2.14) and ay ,(t) = by ,(t) =0 (j=1,2,...) in the normal forms of
(2.15)—(2.17). The equation of motion and boundary conditions for the linear
approximation at O(¢) admit solutions in the form of normal modes

a; ,(f) = —ﬁﬁwl)-A—"sin w,!t, (4.3)

1
¢1,n(t’r’77) =Anrn_+fpn(77) Co8 W, ¢, (4'4)
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forn=0,1,2,.... Here, w,(n = 0) is defined in (2.12) for the radial mode of oscillation
and W, is defined as (1)3; — (n—~l)(n+ 1)(7L+2) (45)

for a deformation mode. Thus, the problem can be viewed as an initial-value problem
with
0

a,0(0) =0, za,,(0)=—(n+1)4,, 0)=0 (j=1,2,...) (4.6)

é’ia’j+1,n
in a time-independent ambient pressure field (cf. (4.1) for the Longuet-Higgins (1991)
problem).

Consider now the second approximation which occurs at O(e?) in the guiescent
fluid. [In the presence of the linear extensional flow, the second approximation will
be shown later to occur at O(ef).] On substituting a, , (i.e. f,) and ¢, , into the
kinematic and dynamic boundary conditions (2.8) and (2.11), we have

d%a A Al
at‘; Stwia, o= {3(7+2)w0+2 3y—1) }cos2w0t+ 2{37/(1)0+2(3y——1)}

(n+1)2A2 4n+9 (n+1)242 [ 302 .
—2 20 ~ .
TloiEnd ) | na 1 “r T R s 2ol ) et 2% ()
2(n+1) _day,

bs,o(t) = 2al,ob1,0+ (4'8)

2nt1 hmheT o
for the amplitude of the radial mode of oscillation. A similar expression can also be
obtained in a straightforward way for the amplitude of any of the deformation
modes. It can be seen from (4.7) that when w, = 2w,, there are secular terms on the
right-hand side, which indicate a resonant interaction between the radial mode and
the P, (n)-mode of deformation. Since we expect bounded solutions for the various
shape modes (recall that the pressure change is small, of O(¢)), it is evident that the
form of the solution (4.3) is overly simplified. In particular, to avoid the secularity
at O(¢?) when w, = 2w, we must employ a two-timing expansion in which the
amplitude and phase of the O(¢) modes are assumed to exhibit a slow variation,
superposed on the rapid oscillations described by (4.3) and (4.4).

Before considering the details of the resonant case, however, let us first consider
the solutions of (4.7) and (4.8) for the non-resonant case (w, + 2w,). In this case,
solutions for a; , and b; , can be easily determined which satisfy the initial condition
(4.6). The known solutions for a; ,,b; , (j = 1,3) can then be used to evaluate the
corresponding pressure disturbance at large distances r using

P® = —el:aaiil {a¢3+ (V) }] €. 4.9)
In particular, as r— oo, we find

@0 \abl,o 2ab3 0)
P (6 ot te o jr’

or
Al
rP* = edyw,sinwyt + €2 {2 2{(27/+1) +3(3y—1)} cosw,t
(n+1)42 (4n—1)a)0 \
+4(2n+1) 3+ wE— 4wl CO8 W, —‘{?’wo (2y —2)} cos 2w, ¢

(n+1)(dn—1)w? A%
- @+ 1) (R —dw?) % cos 2w t] as r—> 0. (4.10)
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It can be seen that the distortion mode at O(¢), without the radial mode of oscillation
at O(e) (i.e. with A, = 0) only emits a monopole-like contribution at O(e?). This
contribution is due to the change in bubble volume.

Two important conclusions can be drawn from the solution (4.10) when 4, = 0 (i.e.
the ambient pressure impulse has no radially symmetric component). First, the
induced monopole pressure disturbance in this case has two oscillatory components;
one with the frequency of the zero-order breathing mode and the other with a
frequency double that of the linear mode of deformation ,,. Both of these terms have
an amplitude proportional to the square of the intensity of the pressure impulse, 4%.
Secondly, if we examine the order of magnitude of these terms, we see that the
amplitude can be surprisingly large, especially as w, > 2w,. As shown previously in
the closely related problem analysed by Longuet-Higgins, the mode-mode
interactions in this limit become resonant, and we must employ a two-timing
procedure to obtain a valid (bounded) solution.

Let us then turn to the special case w,= 2w, in which the radial and P,
deformation modes are in exact resonance. As we have already noted, secular terms
appear in the governing equations at O(e?), so that the solution at O(e) for this case
must be expressed in the form of normal modes with a slowly varying amplitude,

@y (8, 7) = 3oy u(7) exp (i, £)} +c.c., (4.11)
by, nlt,T) = —3 (;“’: l)al’n(T) exp (iw, {) +e.c., (4.12)
with oy ,(0) = 4,,(_111)_{ (4.13)

n

(In (4.11) and (4.12) c.c. signifies the complex conjugate.) The slowly varying
complex functions «, ,(7) are determined from the condition that no secular terms
appear in (4.7) and (4.8). After some manipulation, the conditions for the absence of
secular behaviour can be shown to take the form

do .
“pt=ifl,al (4.14)
da .
St =i o (4.15)
. (4n—1)o, _ (4n—1)
where B =fsnin@nsy =73 @

and the superscript * denotes the complex conjugate. The initial conditions are given
in (4.13).
To solve (4.14) and (4.15), we can use a polar decomposition of the form

o, o =My(1)exp (i@, 7), o p=M,(T)exp (iO, 7). (4.16)

Here, M, and M, are the amplitude functions, while @,(7) and 0, (r) represent the
phase shift. Note that if @, and ©,, depend linearly on 7, the phase shift corresponds
to a simple change in the oscillation frequency. Upon substituting (4.16) into (4.14)
and (4.15), we obtain am

0

dr

= —H, M:sin (20, —6,), (4.17a)
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Mo-(%?_—o=H5M‘flcos(2@n——@o), (4.17b)
d¥ .
dT" =H,M,M, sin(20,—0,), (4.17¢)
dd@T" = H,M,cos (20, —0,). (4.174d)
The initial conditions corresponding to (4.13) are
A (n+1)A
— =1 =20 = " 4.1
0, =0,=1In, M, 0 M, o (4.18)
With these initial conditions,
de, de,
= = t =
dr dr 0 at7=0
and thus @, = @, = Ir for all 7. In this case,
dm, dM,
= -HM,, i HM\M,. (4.19)

The energy equation for the oscillation described by (4.19) can easily be shown to
satisfy H, M¥7)+ H,M?% (1) = const. (4.20)
Any solution of (4.19) must satisfy this constraint. (Note thatif 4, = 0, 4, % 0, then
dM,/dr and dM,,/dT are both zero at 7 = 0. In this case, there is no coupling between
modes, and the bubble simply undergoes volume oscillations of constant amplitude
A,/w, with frequency w,.)
With the equations in the form (4.19), an analytic solution is easily obtained. This
solution, expressed in terms of «,; , and «, ,, takes the form
oy o(T) = i,[)’l’o(T) =—R,itanh (U, 7+7,), (4.21)
&y (1) =iffy o (1) = T,isech(U,7+V,) (n=2). (4.22)

The coefficients B,, T,, U, and V, are

(n+1)A:+(2n+1)Ag)%

&, = Sign {AO}( wi(Zn+1)

. (n+1) A%+ (2n+1) A3}
Tn = Slgn{An}( (n__ 1)(n+2) )
, | 1) A2+ (2n+1) A2
Un=Slgn{Ao}%(4ﬂ—‘)((n+ : ;;+(1n+ ) 0)
_ _ ginh [ARC DY
and V, = —sinh 1((14101(14#1)))’

in which Sign {z} = 2/|x|.
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M,

n

20

Ficure 3. Phase diagram, M, vs. M,, for the resonant case w, = 2w, for various sets of initial
conditions {M,(0),M,(0)}: O, initial points in the phase portrait.

By applying the initial conditions (4.1), instead of (4.6) for the present case, the
solution for Longuet-Higgins’ (1991) problem can be readily reproduced in the same
form as (4.21) and (4.22):

. dn—1 L (n—1)(n+2)\:
oy o(T) = 116((2n+ 1)(n+1))%tanh [8(4n+ 1)(———————(2n+1) ) T], (4.23)

_n_i)(n_—@)f T] . (4.24)

o, ,(1) = sech [%(4n—1)(( Gnt )

Since @, and @, are independent of time, 7, it can be seen from (4.11)—(4.13), in
conjunction with (4.16), that the mode-mode resonance at O(e?) generates a slowly
varying amplitude envelope for the shape and volume modes of oscillation at O(e).
The phase-plane portrait of this oscillatory behaviour is shown in figure 3. As
indicated by (4.20), the trajectories of M, versus M, are closed ellipses corresponding
to different constants on the right-hand side of (4.20).

It will be noted from (4.19) that both dM,/dr and dM ,/dr = 0 when M, = 0. Thus,
for any given pair of initial values for M, and M, the solution will follow one of the
solution trajectories of figure 3, but in every case, this leads asymptotically to a final
state in which M, = 0 and M, = 0. In other words, the resonant interactions at O(e?)
produce an exchange of energy between the shape and radial modes at O(e), which
occurs on a timescale ef, and leads finally to a one-way transfer of all of the initial
deformation energy to the radial mode. This qualitative feature of the energy
transfer between modes is identical to Longuet-Higgins (1991) solution, (4.23) and
(4.24), for bubble oscillation from an initially distorted shape with equilibrium
volume.

It can be seen from figure 3, that the details of the energy transfer process depend
on the magnitude and signs of M; and M, at ¢ = 0, as given by (4.18). In particular,
if we start with an initial state in the upper right or lower right quadrants of figure
3, the magnitude of the radial mode will first decrease as energy is transferred to the
deformation mode, until eventually the radial mode vanishes altogether, and the
magnitude of the deformation mode is at a peak. Beyond this point in time, however,
the energy transfer goes back in the opposite direction, with the radial mode growing
and the deformation mode decaying until eventually all of the energy resides
permanently in the radial mode. If the initial state is in the upper-left or lower-left
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quadrant, on the other hand, the energy transfer will be from the deformation mode
to the radial mode at all times, exactly following the second part of the dynamics
described above. Thus, it can be seen from the definitions of B, and 7, (following
(4.21) and (4.22)), that the energy transfer direction is initially sensitive to the signs
of 4, and 4, but eventually all of the energy resides in the radial mode.

At the resonant state, the monopole pressure distribution can be determined by
utilizing the equation of motion, correct to O(e?). The calculated disturbance pressure
at large distances from the bubble is given by

(12n+9)
42n+1)(n+1)

_(8n+5)(n+1)
42n+1)w2 "

P® = e{dw}, B, o(7)sin 20, t} % + el [{ /)’1 "
(2'y+ 1w+ (y—

4
205,

)Aﬁ}cos2wt ﬂ1,0{4y+(2y—§)z}2—}cos4wnt]%. (4.25)

Comparing (4.25) with the form of the amplitude function a, , = —f; ,(7)sin w,t, it
can be seen that the leading-order contribution to the monopole-like pressure
oscillation is in anti-phase with the breathing mode oscillation, and the intensity of
the monopole radiation is initially increased or decreased depending on the sign of 4,.
(If Ay > 0it decreases, and vice versa.) However, again as { > 0o, the amplitude of the
monopole-like contribution is increased at the expense of the exponentially decaying
deformation mode (see figure 3).

4.2. Step response in a quiescent fluid

We have seen in the preceding section that the bubble response to an impulse in
pressure in the absence of an external flow involves a resonant interaction between
the radial breathing mode and the P,-mode of deformation when &, = 2w, which
leads eventually to the one-way transfer of energy at O(e), from the deformation
mode to the radial mode of oscillation. The same one-way transfer is also found in the
related problem of Longuet-Higgins. An obvious question is whether resonant
mode-mode interactions always transfer energy to the radial mode at long times.
In order to investigate the factors which govern the direction of energy transfer,
it is advantageous to consider a second problem of a bubble in a quiescent fluid, but
with the pressure at the bubble surface undergoing a step change at ¢t = 0 instead of

an impulse, i.e.
A0, 1) = X ed, H(t) P,(n). (4.26)
Here, H(t) is the Heaviside step function. The reason for our interest in this problem

will become evident after we have completed the analysis. Anticipating the
appearance of secular terms at O(¢?), we begin by writing the O(¢) solutions as

ay o(t,7) =%[al,o( 7)exp (i) — ‘i§]+c c., (4.27)
alyn(t,7)=%[a1’n(7)exp (i, t) — (—agiﬂ]m.c., (4.28)
b1 nlt, 7.7, 7) =—2(;“’:1)a1,n( 7)exp (iw, t)P"(:]l)+cc (4.29)
oy, ,(0) = ("—ﬂz—)ﬁ. (4.30)

Wy
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These expressions clearly satisfy the initial condition (4, , = 0 and da; ,/0t = 0 at
¢ = 0) and the condition for imposition of a step change in the ambient pressure. It
can be noted from (4.27)—(4.30) that an ideal-gas bubble will execute both radial
and shape oscillations around a ‘new’ steady-state radius and shape,

— AO An

in response to the step change in the pressure distribution on the bubble surface. This
transition of the base-state from the initial equilibrium shape and volume leads to
major changes in the bubble dynamics as we shall see shortly. To obtain governing
equations for the slowly varying coefficients «, ,(r), we require the governing
equations for the O(€®) terms in the expansions (2.13) and (2.14).

By substituting the general solution forms (4.27)-(4.30) into the kinematic and
dynamic boundary conditions, (2.8) and (2.11), we find

2

a
2 _ : 1,0
—a3‘0+w0a3’0 = —1w,

dr

ar, [4n+9
8@n+ 1) | n+1

1—3y 2
+{_2_X__i?’1}A0al L €xP (10, £)
Wy 2 ’

. A4,a .
exp (iw, 1) +m{2w§(n+ 1)—wi(n+5)}exp (iw, t)

+

w? — 2w§} exp (2iw,, t)

+c.c. +non-secular terms, (4.31)

0? . d ) A 1 .
s 03y = —i0, S exp (o, )+ 42D D0 (0 1) 902 exp (iuy

o
+%(061’ 0 aik, n) {3(‘)3» - 3(‘)1; Wo— (n— 1) w%} exp (i(wo - wn) )

3wk Zn+1)(n+1)K,{2(n+1) 10—n .
—|22Xn 4 n
[2 w2 ot Ty o + 1 4, | explio,t)
+ c.c. +non-secular terms, (4.32)
: _|(a=D)IP  En)! , -
with Kn=[ n72)] (3n_1)”,n even; K, =0, n odd.

Upon examination, it can easily be seen that secular terms exist in (4.31) and (4.32),
both for w, = 2w, and @, = w,. Hence, in this case, the radial mode can be in
resonance with the P, mode of deformation (n % 0) for either w, = w, or w, = 2w,.
Furthermore, both (4.31) and (4.32) contain additional secular terms of the self-
induced type, which are present for all values of w, and w,,. As is well known, such
terms do not result from mode—mode interactions, but rather represent a shift in the
frequency of oscillation. In the present case, there are self-induced terms proportional
to 4, in both (4.31) and (4.32), and these correspond to a frequency shift due to the
change in bubble volume caused by the step increase or decrease in the spherically
symmetric pressure contribution at the bubble surface. In addition, for n even, there
is also a frequency shift in the shape deformation modes due to the change in mean
bubble shape for 4, # 0.

Thus, prior to discussing the two cases of resonance between the radial and shape
deformation modes, we briefly consider the frequency shift for non-resonant values
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of w, and w,. This can be derived easily from (4.31) and (4.32). In particular, the
conditions to eliminate the self-induced secularity can be seen to be

da .
20— ity (4.33)
d‘;‘l; m = iH,a (4.34)
where
2+3y 3y—1 3w En+1)(n+1)K,{2(rn+1) 10—n
H, = A =24 n A,.
2 (2&)0 + w3 ) o 2w} ot Bn+l)o, w? 4 "
(4.35)
A 14
Thus a0 = gexp (iH,T). al,n=(i_—2—;2)—”exp(iH4T), (4.36)
0 n
and it follows that
A, edog(24+3y 3y—1
alyo(t)——‘w—g[COS{wu(l'f‘;g‘(—z‘—'l' CL)(2) ty—11,
(4.37)

a; () = na-; lAn [cos {(un (1 +e%> t}— 1]‘

Hence, the frequency of both volume and shape oscillations is modified by the change
in mean volume induced by a step change in the isotropic pressure. Furthermore, the
frequency of shape oscillations is additionally modified by the change in mean shape
that accompanies a step change in the non-isotropic surface pressure.

The frequency change for volume oscillations is either positive or negative
depending on the sign of 4,. When 4, < 0, the bubble volume increases from the
equilibrium value, which results in a decrease in oscillation frequency. This decrease
in frequency has an important significance, because at a critical magnitude of the
step change in pressure at the bubble surface, —(ed,)., the square of the true
frequency of oscillation becomes zero and eigenvalues for the coefficient function a, ,
change from pure imaginary to real. The critical intensity, —(e4,)., where this occurs
will thus correspond exactly to a limit point for existence of a steady-state value for
the bubble radius in the reduced surface pressure field, ie. r=1—ed,/wi. An
estimate of the critical intensity can be obtained from the present asymptotic
solution (4.37): 4
W

(—edo)e = (2+43y) w2 +2(3y—1)

(4.38)

Thus, as the compressibility of the bubble increases (i.e. w2 decreases), the gas bubble
becomes less stable to a step change in the pressure at its surface. It can be seen from
(4.37) that when 4, > 0, the bubble volume decreases and the bubble oscillates with
increased frequency around the ‘new’ stable steady-state radius corresponding to
the increased ambient pressure.

The same qualitative picture applies also to the change in oscillation frequency of
shape modes owing to the step change in shape for a non-zero coefficient 4,,. For
positive A, the bubble is deformed into an oblate shape, and the frequency of shape
oscillations is increased, whereas for negative A,, the bubble is prolate and the
frequency of oscillation is decreased. In this case, it is known from prior studies
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(Kang & Leal 1990) of bubble oscillation in a uniaxial flow that the frequency
decreases as the degree of deformation increases in the prolate case (4, < 0), and
becomes equal to zero at the critical deformation beyond which steady solutions for
the bubble shape cease to exist. An asymptotic prediction for the critical value of 4,
can also be obtained from (4.37). For a bubble in a biaxial flow, on the other hand,
prior studies show that steady solutions for the bubble shape exist to high degrees
of deformation (high Weber number) and there is no indication of the same type of
limit point behaviour that was observed for prolate shapes. It is thus not surprising
that the frequency of oscillation actually increases in this case for increasing 4,,.

It should be noted that the modification in oscillation frequency is present for all
conditions, including the two limits of resonant interactions between shape and
volume modes. However, as we shall see in the next sub-section, we may expect the
frequency shift to be modified somewhat in the resonant case compared to non-
resonant case.

4.2.1. Resonant interaction at wy, = w,

Let us now consider the nature of the resonance for w, = ,. In this case, the
conditions for the absence of secular terms in (4.31) and (4.32) are

__dng,o = —iH, o, ,+iH,a, o, (4.39)
da, , . .
5 =—iHa, (+iH, o ,, (4.40)
(n—38)4 (n+1)(n—3) 4
h H=—-—""% H = ., 4.41
where T 2@n+ 1), ? 2w, (441

As noted above, (4.39) and (4.40) still retain the self-induced resonance terms with
coefficients H, and H, that were defined in (4.35), and, in addition, contain new terms
proportional to H, and H, that correspond to resonance interactions between modes.
Thus, in the resonant case, it is necessary to determine a; , and a, , so as to
simultaneously eliminate both types of secular terms. This means that the frequency
shift associated with H, and H, will be modified somewhat relative to the case with
no resonance. Furthermore, the presence of a frequency shift away from the
fundamental frequencies w, and ®, means that the dynamic response due to
mode—-mode interactions should correspond to a slight detuning away from exact
resonance.

Since (4.39) and (4.40) are linear, we can proceed formally toward an analytic
solution. For this purpose, it is convenient to express «; , and a,; ,, in the form,

a0 =Zotiyy, 0y p =2, iy, (4.42)
and then write (4.39) and (4.40) as a first-order dynamical system
¥=A-x, (4.43)
where X = (€os Yor s Yn) T, (4.44a)
0 =1, 0 H,
and A= 0 -H 0 (4.44b)
0 I, 0 —H,
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It is well-known that the solution of (4.43) can then be expressed in the exponential
operator form

x = e x,, (4.45)
T
where x0=x(t=0)=(é§’ ,(n+12)An’0)
Wy Wy,

The qualitative nature of the solution (4.45) is completely determined by the
eigenvalues of the matrix A, which are the roots of the equation

A+ (2H H,+Hi+H)A*+ (H,H,—H,H,)”=0. (4.46)
Since 2H H,+H:+H} >0,
(recall that H, H, > 0), and the discriminant is also positive, i.e.
(i H,+H3+ H%*—4(H,H,—H,H,)* = [4H, H,+ (H,— H,)*|(H,+ H,)* > 0,

the four roots of (4.46) must be pure imaginary. Indeed, it can be shown after a little
algebra that the four eigenvalues of A are

A=+iQ,, +iR,, (4.47)
where Q, ,=N4H, Hy+ (H,— H,)*}+ [H, + H,)). (4.48)

It follows that the components of x are all linear combinations of sinusoidal functions
of 2, 7and 2, 7. Hence, knowing x,(7), y,(7), x,(7) and y,, (1), we can easily understand
the dynamics associated with (4.39) and (4.40). We can write

o o =Myexp(i®,), a, ,=M,exp(i®,), (4.49)
where My = (@3+y2t, M, = @L+y2),
and e, = tan‘lyﬂ, O, = tan~1Z2,
xO xn

It follows that the generic behaviour in this case is that both the breathing mode and
the P, mode undergo continuous oscillations at O(e). This is fundamentally different
from the behaviour following a pressure impulse, or from the oscillations following an
initial perturbation in shape (Longuet-Higgins). In these cases, the dynamics
reduced to a one-way transfer of energy from the deformation mode to the breathing
mode. Here, the two modes continuously exchange energy on the slow time-scale,
7 ~ O(1), and thus, in a non-dissipative system, they both remain O(e) for all times.

The exception to this generic behaviour occurs when 4, and thus M, is zero at
t = 0. In the polar representation (4.49), the governing equations (4.39) and (4.40)
can be expressed in the alternative form

au, au

i H M, sin(0,—0,), d—'rn =—H,M,sin(@,—0,), (4.50)
Moc—id—@TQ =H,M,—H,M,cos(@,—8,), Mnd—f;ﬁ =HM, —~H,M,cos(®@,—0,),
(4.51)
with initial conditions
A n+1)4
My0) = (—Ug, M,(0) = (——2)—", 6,0)=0,(0)=0. (4.52)
0 n
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Eliminating sin (@, —0,) from (4.50), it can be shown that
H, M)+ H,M:(1) = constant, (4.53)

which represents a surface energy conservation equation for the bubble oscillation.
Now, if M, =4, =0 at 7 = 0, we see from the definition (4.41) that

H =H,=0 at7=0,

dM, dM
d thus, 0 — )
and thus a0
. de
while FT—O = HZ'

It follows that M, remains zero for all time, and thus M, is also constant at its initial
value. @,, on the other hand, increases linearly with ¢, and this corresponds to the
frequency shift in the radial mode that occurs because the step change in pressure
induces a change in the bubble volume. The fact that M, = 0 simply means that
there is no resonant mode-coupling for a bubble that initially undergoes only a
volume change, and in this case the deformation mode remains at zero. The result
M, = const. & 0 means that the bubble oscillates only on the timescale, t = O(1),
with a modified frequency, but without any slow oscillation in amplitude as occurs
for other initial conditions.

In order to further illustrate the predicted behaviour for this 1 — 1 resonance case
(i.e. w, = w,), we have integrated (4.50) and (4.51) numerically for n = 4, and three
sets of initial values for M, and M,. The results are shown in figure 4. The first case,
for a very small initial value of M, = 0.05 and M, = 1, is similar in behaviour to the
limit M,(0) = 0. The increase of both &, and @, is approximately linear in 7. Thus
both the radial and P, modes oscillate at an increased frequency owing to the change
in bubble volume, but the effect on the radial mode is clearly larger. The second case
is for My(0) =0.9 and M,(0) = 1.1. In this case, the amplitudes of both modes
oscillate on the long timescale 7 = O(1), though the amplitude of the shape oscillation
is very much larger. This may be slightly misleading, however, if our interest is with
the relative contributions of the n = 0 and # = 4 modes to the bubble volume. The
volume oscillation associated with M, is 0 (eM,). On the other hand, the volume
oscillation due to the oscillations of shape is much smaller, only O(¢2M2). Finally, the
last case considered is M(0) = 0.05 and M ,,(0) = 1. In this case, there is a significant
coupling between modes which leads to moderate fluctuations in M, via energy
exchange with the larger oscillations of the bubble shape. It may be noted that all
three of the cases shown in figure 4 that the phase functions &,(7)/7 and 0,(7)/7 are
very weak functions of { and thus that @,(7) and &,(7) are nearly linear in 7. This
implies that the phase modulation corresponds very nearly to a simple frequency
shift. Baged upon the numerical results in figure 4(b) for the case M,(0) = 0.9 and
M,(0) = 1.1, we can easily estimate the modified frequencies for the two modes of

oscillation to be Q, = wy(1+2.11¢), £, = w,(1+1.58¢). (4.54)

4.2.2. Resonant interaction at w, = 20,

The second case of resonant interactions following a step change in the pressure
distribution at the bubble surface occurs when w, = 2w,,. In this case, the condition
to exclude secular terms in (4.31) and (4.32) is

da,
dr

da, ,
dr

= iHs“%,o‘*'inal,o, = iHsal,oaf,n’*'iHAl“Ln' (4.55)
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The coefficients H; and H, were defined earlier in conjunction with (4.14) and (4.15),
while H, and H, are defined in (4.35). Clearly, these equations resemble (4.14) and
(4.15), but now include the self-induced secular terms involving H, and H, that
correspond to a frequency shift, and thus a ‘detuning’ of the primary resonant
interactions. As shown in the preceding section, such detuning will tend to produce
a continuous exchange between the radial and shape deformation modes, rather than
the one-way energy transfer that was found for the case of a pressure impulse under
the same conditions, w, = 2w,,.

By applying the type of polar decomposition defined in (4.16), we can obtain a
system of four differential equations governing the amplitude and frequency
modulations for the bubble oscillation

dé‘io = —H,M?sin (260, —0O,), dg{r" = H M, M,sin (20,—6,), (4.56)
de, de,
Mo——T—=H2M0+H§M‘flcos(2@n-—@o), ?=H4+H6Mocos(2@"-@o), (4.57)

with the same initial condition as in the previous case w, = w,. In this case, the
energy equation for the oscillation can be derived from (4.56). The result is

H M3(r)+H,M2(7) = constant (1 > 0). (4.58)

For general cases, in which 4, % 0, the nonlinear differential equations (4.56) and
(4.57) can only be solved numerically. However, in the special case where 4, =0,
A, %0, it can be seen that dM,/dr =0, dM,/d7 =0 at 7= 0, and thus M, =0,
M, = A,/wifor all 7. Further, d®,/dr = H, so that ©®, = H,7. Thus, if we begin with a
step change in only the isotropic contribution to the pressure on the bubble surface,
the response is simply radial oscillations with a modified frequency, v, = ¢H,, which
is either increased or decreased depending upon whether 4, (and thus H,) is positive
or negative. There is no coupling in this case with the shape deformation mode
of oscillation.

On the other hand, we can show via numerical analysis that resonant coupling
exists when 4,, + 0, for arbitrary 4,. A typical case is shown in figure 5 for v, = 20,,
and My(0) = 0.9 and M,(0) =1.1. It can be seen from figure 5(az) that the two
resonant modes exchange energy continuously and sustain oscillations at all times.
However, even if 4, = 0, there is a transfer of energy from the deformation mode to
the radial mode, and this is again followed by a continuous exchange of energy
between the two modes at O(e). The sustained energy exchange for these cases is
essentially due to the frequency detuning that results from the change in the steady-
state bubble radius and shape at O(¢) induced by the step change in pressure (i.e.
4, # 0,4, + 0).Itisalso noteworthy that the amount of energy exchange at w, = 20,
is much larger than that which occurs for resonance at w, = w, with (approximately)
the same set of initial conditions (compare figures 4 (b) and 5). As in the previous case
w, = w,, the change in the steady-state bubble radius and shape at O(¢) due to the
step change in the average ambient pressure (i.e. 4, % 0, An, * 0) leads to a phase
modulation in each mode, which is monotonically increased with 7 (see figure 4b).

It can be noted from (4.56) and (4.57) that the phase modulation for each mode is
very sensitive to the sign of 4, (i.e. M,(0)). When 4, > 0, the phase modulation for
each mode increases with 7, and vice versa. As in the previous case (w, = w,,), O4(7)/T
and @,(r)/7 are very weak functions of 7. When n = 4, M(0) = 0.9 and M,(0) = 1.1,



438 S.M.Yang, Z. C. Feng and L. (. Leal

12 M,
10
8
6
4
2
~ TN~ M

90
504
40
30 o,
20
10

0.2 0.4 0.6 0.8 1.0
T

FicurE 5. Amplitude modulations M (7) and M,(7) and phase angles versus the slow timescale 7
at the resonant state w, = 20,: My(0) = 0.9, M,(0) =1.1 and y = 1.

it is found that @(1) ~ 2.74w,7 and (1) ~ 2.95w,7. Then, the frequency of each
oscillation is Q, = w(1+2.746), £, = w,(L+2.95¢), (4.59)
whereas the modified frequency for M,(0) = +1 and M,(0) = 0 is determined from
(4.37) to be Q, = wy(1+2.5¢). (4.60)

Comparing {4.54) and (4.59), it can be seen that the bubble oscillation at v, = 2w, in
the presence of a non-uniform pressure distribution becomes much more unstable
than it would be at v, = w,,. This is a consequence of the increased amount of energy
exchange between the two resonant modes at w, = 2w, relative to the case w, = w,.
In figure 6, the phase trajectories, M,(7) vs. M(7), are plotted for various sets of
initial conditions (i.e. 4, and 4,). The present phase trajectories at the resonance
condition w, = 2w, induced by a step change in the pressure are qualitatively
different from those obtained for the resonance at w, = 2w, induced by an impulse
in the pressure. In the present case, the two resonant modes exchange energy
continuously and sustain oscillations at all times unless either 4, =0 or 4,, = 0. Tt
is worth pointing out that in the step response, the bubble oscillates around the
‘new’ steady-state shape which is non-spherical owing to the non-uniform pressure
distribution (4, % 0). In addition, the bubble radius (or volume) is changed at O(e¢)
from the initial equilibrium value owing to the reduced (or increased) average
pressure (4, % 0). We may anticipate that these two combined effects can also be
produced by imposition of an external mean flow, which we shall consider in §5.
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M)

M(1)

F1gure 6. Phase diagram M (1) vs. My(7), for various sets of initial conditions {M,(0),M,(0)}:
O, initial points of the phase trajectories.

5. Bubble oscillation in a uniaxial straining flow

In this section, we generalize our investigation of the dynamic response of an ideal
gas bubble to include the influence of steady deformation due to interaction with a
steady mean flow. Specifically, we consider a bubble with the steady-state shape,
(3.5), due to a uniaxial straining flow, when the (acoustic radiation) pressure at the
bubble surface undergoes an abrupt, but asymptotically small change, (4.2) or (4.26),
at some initial instant.

We begin with the response to an impulsive change in pressure. In this case, it can
be anticipated from the previous section, that the frequency of oscillation of both the
radial and shape deformation modes will decrease with increase of the steady
deformation, and this is again reflected in the present analysis by the appearance of
(self-induced) secular terms beginning at O(¢?).

The presence of the external flow produces qualitatively new effects when we
consider mode-mode interactions. One new feature is that the leading-order
correction to the bubble volume occurs at O(ef), rather than O(e?) as in the previous
examples, and this new ‘breathing’ mode of oscillation can exhibit resonant
interactions with the P, mode of shape oscillation in the special case w, = w,, to
plroduce changes in the oscillation amplitudes at O(e) on the intermediate timescale
€,

In addition, at O(e?), three distinet kinds of secular terms are possible. The first is
the self-induced effect, described earlier, which is always present when the bubble is
deformed, and leads to a decrease in oscillation frequency with increase in the degree
of bubble deformation in the steady flow. The second occurs when w, = 20, and
corresponds to a resonant interaction between the breathing and shape modes of
oscillation that influences the amplitude of oscillation at O(¢) on the slow timescale
et. Although an apparently similar resonance was found in the previous section in the
absence of any mean flow, we shall see that the existence of a non-spherical steady-
state shape leads to new effects in the nature of the slow timescale variations of the
interacting modes. Finally, resonant interactions between the breathing and
deformation modes appear when w, = w,,, but in this case this is solely a consequence
of the presence of the mean flow —i.e. this type of 1-1 resonance did not appear with
an initial pressure émpulse in the absence of flow.
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We begin by outlining the governing equations, and their solutions through terms
of O(€?), in the generic case where mode—-mode resonant interactions do not occur (i.e.
Wy F w,, W, ¥ 2v,). In this case, the only secular terms in the analysis appear
beginning at O(¢?), owing to the changes of frequency in the O(¢) shape and volume
oscillations that are caused by bubble deformation in the steady flow. [It should be
noted that such frequency shifts due to steady deformation are also expected to
occur in the shape and volume oscillations, at O(ef) and O(e?). However, in the present
solution scheme, these would only be reflected by the appearance of ‘self-induced’
secular terms in the dynamical equations at O(e?) and O(¢®), and we do not calculate
any solutions at this level of approximation.]

After we have considered this generic case, in which resonant interactions between
modes are not present, we turn to the special resonant cases when w, = w, and
wy = 2w,,.

5.1. Bubble oscillation in the absence of mode—mode resonant interactions

We begin, as stated above, by considering the case of an O(¢) impulsive change of
pressure when w, does not take either of the special values w, (n = 2) or 2, (n = 2).
In general, our analysis follows the asymptotic expansion scheme (2. 13) and (2.14).
However, since we anticipate the likelihood of secular behaviour at O(e) and O(e2),
for the special conditions wy, = w, or w, = 2w,, it is convenient to formulate the
governing equations right from the beginning in a form suitable for a multiple-
timescale solutlon procedure. In this framework, the bubble shape functions f; at
each order in f, and the corlespondmg velocity potential functions ¢, are considered
to be functions not only of ¢, as in (2.15) and (2.16)-(2.17), but also of two slowly
varying timescales, ei and e, all considered as independent variables, i.e.

fj = Z aj,n(t: gv T)Pn(ﬂ), (51)
n=0
< P,
¢y = 2 b; (. 7) r’;,(ﬁ), (5.2)
n=0
where {=¢it, T=¢l (5.3)

At the leading order, O(e), the amplitude functions a, , and b, ,, take the same
form (4.11) and (4.12), as in the case without a mean flow, i.e.

ay, 18,8, 7) = Hay 4(€ T) exp (iw, t) +a5 ) +cc., (5.4)
ol §7) = =50 2o (6T exp i, )+ oo (5.5)
with 2, 4(0,0) = ‘i"(—’;im. (5.6)

n

As usual, the slowly varying functions a, , will be chosen in such a way as to
eliminate any secular terms that appear in the governing equations at O(e¥) or O(e2).

In the presence of the mean flow, eig? given by (3.1), the second term in the
expansion for f and ¢ occurs at O(e?). Governing equations for the radial, P, and F,
modes of oscillation at O(e%), can be obtained from the general equations (2.8) and
(2.11) and the forms of the O(¢) solutions above.
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5.1.1. O(e) problem
Radial mode

aZ

o, . .
2% o F Wi, o = —iw, aC Lexp (iwyt) — 3w, a, ,exp (iw, t) + c.c. (6.7)
P, mode
62
3 %, Fola, , = —iw, aé 2exp (iwyt) +3iw, o, exp (iw, t) —Biw, a, ,exp (iw,t) +c.c.
(5.8)
P, mode
2
7% tola, = —iw, ag Lexp (iw, t) +Liw, a; ,exp (iwy t) + c.c. (5.9)

Governing equations for the higher order P,(n > 4) deformation modes can be
obtained in the same manner.

It is clear from the forms of the right-hand sides of (5.7)-(5.9), that there are no
resonant effects at O(ef) unless w, = w,. Hence, apart from the exceptional case when
w, = w,, 1t is clear that

0
a_gal n

for all n, and thus «, ,, is at most a function of the slower time variable 7. The O(éf)
solution thus takes the general form

=90 (5.10)

1 . . .
Ay o= m{AzexP (iwyt) +3iw, a; ,(7) exp (iw, t)} +c.c. (5.11)
5 . . .
Ay 5 = m{AO exp (i, t) +iwg oy o(T) exp (1w, t)}
———lﬁ—{A i 3 (r)exp (iw, 8)} + 5.12
21(a)4 o) exp (iw, t) + §lw, o 4(7) exp (iw, )} +c.c. (5.12)
75 . 1 .
Uy, 4 =z 5514, 6xXp (iw, £) +Giw, ot; ,(7) exp (iw,t)} +c.c. (6.13)
7w} — w3)

It is evident that these solutions for a, , and a, , are not valid when wy, = w, owing
to the existence of a resonant interaction between the radial and P,-modes. We shall
consider this special case shortly.

The significance of the solutions (5.11)~(5.13) at O(e?) is twofold. First, the strength
of mode-mode interactions is strongly enhanced owing to the presence of a mean flow
which deforms the bubble, compared to the interactions in the absence of flow which
only occur at O(¢?). This means, for example, that a radial oscillation is induced at
O(€) owing to a perturbation in the initial shape, whereas in the absence of flow it
could only be O(€?) (in the non-resonant case). Of course, it cannot be concluded that
the magnitude of volume or shape oscillations due to interactions with a mean flow
will always be O(e}) in a small-amplitude expansmn This is a consequence of the
specific choice of an undisturbed flow of O(ef) which induces steady deformation at
O(¢), coupled with a pressure perturbation of O(¢). However, the general conclusion
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of enhanced mode-mode coupling due to flow will most certainly carry over to other
cases.

The second point of significance of the solutions (5.11)—(5.13), is that the nature of
modal coupling is fundamentally different from that in cases examined pIeV1ously
without flow. Specifically, the existence of a radial mode contribution at O(ef) is
golely due to interactions between the mean flow and the initial P, mode of
deforrnatlon there is no dependence of a, , on 4,. Similarly, the F, contrlbutlon at
0(¢)) is dependent on 4, and 4,, but not A, and 80 on. One very important
implication of this is tha,t a mechanism now exists to generate a time-dependent
shape oscillation even when the initial condition involves only an impulse in volume
(i.e. 4, % 0,4, = 0). In all cases without flow, coupling between shape and volume
modes was only possible if 4, 0. If 4,3 0 but 4, = 0, we previously found that
the bubble only oscillated radially for all times. The mechanism for generation of a
shape oscillation in this case is simply that the change of bubble radius causes the
surface stresses associated with the mean flow to become time-dependent owing to
the time-dependent position of the bubble surface.

Before studylng the resonant interactions at O(e?), let us complete our investigation
of the generic case where w, + w, or w, ¥ 2w,, by considering the O(¢€®) terms in the
expansion. The governing equations at 0(62) are again obtained from the general
equations (2.8) and (2.11), and now depend on the forms of the solutions for both a, ,
and a, ,. For brevity, we show explicitly, only the equations for a; ,, a; , and ag ,.

5.1.2. O(e®) problem
Radial mode

» .9 5w 3ywi+2(3y—1) .
2%, ot Wiy o= [_1‘“05“1,0"'{6(&)%_2&)3)"” Y% 2 4 @i o[ 21,0 |€XP (iwyt)
SO0Bed, [ 54, 12540)
336 2 ei—wi 89 ||
685 al . 4n+9
“Tegs . XP )+ 2 g S ST wn 205 exp (2w, f)
+ c.c. +non-secular terms. (5.14)
Py-mode
2 2 3040  5(7wi—36) .
2% 2t wWiay 5 = T 5 %2 T g0 +2wg(w§_w§) a5 |exp (iw, )

[1200 — 2503 5iw, A,
+ ay ot

672 2(w§—w0)] exp (i, 1)
—21ay gaf pexp (i{wy— w,)f)

+ c.c. + non-secular-terms. (5.15)
FP,-mode

0? .0 2534649 9 .
at2“3 4+w4a3 = ~—1w4$a1,4+—4— 4_—8279_'—;; o 4 exyp (1w, f)
. (1]

3175 675 .
g 0 8XP (i )~ %,y exp [i(wy—w,) ]

+ c.c. +non-secular terms. (5.16)
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As noted earlier, there are three possible secular terms in these O(e?) equations.
Two result from resonant interactions between the radial and shape deformation
modes, when either w, = v, or v, = 2w,. We shall discuss these special cases (which
also includes 0, = w,) later in this section. However, even when o, % v, or 0,  20,,
the governing equations (5.14)—(5.16) still contain secular terms, which must be
eliminated if the solutions for a, , are to remain bounded. These are the so-called
‘self-induced’ secular terms that appeared earlier in the analysis of a step change in
pressure without the mean flow. We have already seen in §4, that they correspond
to a decrease in the frequency of oscillation of the O(e) solution with increased steady
deformation of the bubble, rather than a change in the amplitude of oscillation as
occurs in cases with mode-mode resonant interactions.

To obtain bounded solutions at O(¢?) for this non-resonant case, the slowly varying
coefficients in the O(¢) solutions must be chosen to eliminate the ‘self-induced’
secular terms in (5.14)~(5.16). It can be shown very simply that the resulting
solutions for these coefficient functions can be expressed in the form

ay olr) =22 DY (i), (5.17)
wn

15yws —50(3y + 5) w3 — 120(3y — 1)

24w5(w; — v}) ’
_ 760 + 5(7Twi—36)
T 2457 ' 2403 (02— w2)’
_ 5 (34649 + 3
"~ 241144837 wg)’

and so on for larger values of n. Combining (5.4) and (5.17), it follows that the
complete solutions for the bubble response at O(¢) can be expressed in the form

where Qo =

Qs

@

ap ) =t =2 D G0 (1@, 08, (5.18)
Bu,alt,, ) = A, 008 (0,1~ Q) A (5.19)

assuming only that @, + 0, or w, + 2w,. The fact that the O(&?) solutions (5.11)—(5.13)
break down when w, = w, is clearly reflected in the forms for @, and @,.

As anticipated, the self-induced secularity at O(e?) generates only a modification
in the frequency of each mode (provided v, * v,, », ¥ 2w, as assumed). Kang & Leal
(1988) obtained the same effect for a constant-volume bubble. The modified
frequency Q, = w, (1—@,¢), is either increased or decreased, depending upon the
physical properties (i.e. ¥ and @,) of the gas inside the bubble. For example, in the
case of the n =2 deformation mode, €, = w, (1—-0.3093¢) for a constant-volume
bubble (i.e. wy— 00), while 2, = w, (1 +0.0448¢) for v, = 10. The limiting result for a
constant-volume bubble is nearly identical to that obtained earlier by Kang & Leal
(1988) in which the purely imaginary eigenvalue A, was directly calculated as
A, = 0, (1—0.31¢)i. 1t is also noteworthy that the natural frequency w, decreases as
the amplitude increases.

An important objective of the present theory is the pressure disturbance at large
distances from the bubble owing to the volume and shape oscillations. The
disturbance pressure at infinity corresponding to the shape and volume oscillations
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defined by the solutions (5.18) and (5.11)—(5.13) can be determined via (4.11). The
result, correct to O(e?), is

P"O=e[A,,a)osin{w0(1—Q0 e)t}— +0(A )+62[A cos {wy(1—Qq €)1 Po(n)

—(—a?‘ji_—w—){wocoswot—wzcos{wzl—(gz t}] O(?) asr—>o0. (5.20)
2 Wy

Thus, a monopole pressure disturbance (i.e. 1/r) exists at both O(e) and O(é?).

The monopole pressure disturbance at O(e) is clearly due to the radial (breathing)
mode of oscillation at O(e) that is created by the radially symmetrlc impulse in the
pressure, €4, 8(¢). The monopole pressure contribution at O(€%), on the other hand, has
two distinct sources. The first is the standard ‘Bernoulli’ pressure, proportional at
O(é}) to the product of the undisturbed velocity V@, and the O(¢) perturbation to the
veloclty V¢1 The second is the contribution from the rate of change of local inertia
at O(el), i.e. ezaqﬂz o/ OF.

Of particular interest is the result obtained by considering the special case
A, =0, in which the bubble initially exhibits only shape oscillation at O(e). It is
obvious from (5.20) that the P,-mode of deformation at O(¢) generates a monopole
pressure disturbance at O(¢?), which is due essentially to the presence of the external
flow. Specifically, in the absence of the external flow, we have seen in §4.1 that a
deformation mode at O(c) emits a monopole radiation only at O(e?), provided that we
omit the special case w, = 2w,, of mode-mode resonance. The result (5.20) therefore
corroborates the earlier statement that the energy transfer from the deformation
mode to the breathing mode of oscillation is very significantly enhanced by the
presence of the external flow. It is especially noteworthy that the amount of energy
the breathing mode gains at the expense of the deformation mode is rapidly increased
when the two modes become nearly resonant in the limit as w,— w,.

As noted earlier, if w, = w, the bubble motion will exhibit a resonance between the
radial ‘breathing’ mode and the F,-mode of shape deformation at 0(62) This resonant
interaction is responsible for the rapld growth of the monopole radiation intensity at
O(€¥) as w,~ w, (and the rapid growth which would occur at O(e?) if we calculated P*
to that level as w, > w,, or w,— 2w,,). In the following, we consider the special cases
involving resonant interaction in detail, beglnnlng with the resonant interaction
between the radial and P, modes that occurs at O(e}) when w, = w,.

5.2. Resonant interaction at O(e}) when wy, = w,

Let us then consider the special case, when v, = w,. In fact, we can see from
(5.7)-(5.9) or (5.14) (5.16) that secular terms (and resonant 1nteract10ns) actually
oceur at both O(e?) and O(e?) when w, = w,. The dlﬁerence is that the O(e?) resonance
influences the amplitude function «, , on the timescale ¢it, and the one at O(¢?) only
appears on the much longer timescale ¢f. In this section, we consider only the effects
at O(é)). This secularity at O(é¥) (i.e. the terms containing exp (iw, t} and exp (iw, t) in
(8.7) and (5.8), respectively) is generated by interactions between the undisturbed
streaming flow (i.e. ¢, = O(})) and the oscillations of bubble volume and shape at
O(e). Perhaps the most important difference between the present case, and the
resonant mode—mode interactions discussed earlier for a quiescent fluid, is that it
occurs on the much shorter timescale et = O(1) rather than et = O(1). This suggests
that viscous damping (to be considered in a subsequent paper) will play a much less
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important role in inhibiting the growth of resonant modes in the presence of flow,
than it does for a quiescent fluid.

In this case, the condition to preclude the appearance of secularity can be easily
seen from (5.7) and (5.8) to be

O
a—lg’g = =302 (5.21)
O
‘a?z' =+30; o (5.22)

The solution of these equations, which incorporates the initial condition
o 4(0)=id,(n+1)/w,, is

(424342 1
o0 = i 0 oo sty 4, 5.23)
0
. o(0) = 1 2804 i iy ) (5.24)
Wy
where the phase angle 4 is given by
L ((15)4,
4 = tan™1[——-2}. .
an ( 54, (5.25)
Then the complete solution for the resonant case (w, = w,) at O(e}) can be expressed
as
Radial mode X
2 342\%
ay o(t) = aiyo——(—fl“tﬁcos( 3(2)it+ ) sin w, t, (5.26)
“o
byt 7T, m) = (AZ+4+2A42) cos (e¥(£)it + 4) cos wot%. (5.27)
P, mode
542 2\3 )
ay 5(t) = afyz——:g—(ﬂt—uyi)—sm( ()it + A) sin w,t, (5.28)
2
@ 2) 5 Fy(n)
By ot 7. 7) = (3A2+ A)Fsin (X(F)¥ + 4) cos w, £ 2 5 (5.29)

The solutions for the other modes (n % 0,2) are not changed and remain as in (5.18)
and (5.19). This latter observation leads to the obvious question as to why the
resonant coupling at O(e?) involves only P, and not additional shape deformation
modes. At first glance, it seems obvious that this must be a consequence of the F,
symmetry of the mean flow, (3.1). The only caveat to this conclusion is the
observation that the first approximation to the steady deformed bubble shape
involves both P, and P, thus perhaps suggesting that the situation is somewhat more
complicated than it might first appear. In any case, we believe that a resonant
coupling would exist between any mean flow that leads to bubble deformation, and
oscillations of volume that will lead to time-dependent oscillations of shape of equal
amplitude. It is only the particular resonantly-driven shape mode (or modes) that
would change if the form of the mean flow is changed.

The main observation from the solution (5.26)—(5.29) is that the multiple-scale
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analysn predlcts the existence of slowly oscillating amplitudes cos (5¢/12)it+ 4
and sin (5¢/12)#+ 4 for the radial and P, modes of deformation, respectively. An
important addltlonal qualitative feature of the solution (5.26)—(5.29) is that resonant
mode coupling exists between the radial and P, modes for all combinations of 4, + 0
and/or 4, & 0. We have seen previously that mode coupling (either resonant or
non-resonant) exists in the absence of flow only if there is an initial perturbation of
the bubble shape. Specifically, in the absence of flow, purely radial oscillations at
t = 0 do not lead to oscillations of shape. On the other hand, in the presence of a
deforming mean flow, we found in the non-resonant case that an initial radial
oscillation at O(€) could induce a shape oscillation at 0(62) The present solution,
(5.26)—(5.29), shows that this new mode of coupling is enhanced for the F, mode via
resonance, so that an initial impulse at O(¢) in either the volume or the F, mode of
deformation produces an oscillation in the other mode, also at O(¢), and thence to a
continuously sustained energy exchange between the modes for all time.

The mechanism for generating shape oscillations from an initial impulse in volume
in the present case is simply that a bubble which oscillates radially is subjected to
flow of different strengths as it changes radius, and the natural tendency of the flow
to deform the bubble thus contributes a time-dependent shape. If the volume
oscillations are driven at the natural frequency of the P, mode, there is a resonant
growth in the amplitude of the P,-mode oscillations. The possibility of large-
amplitude oscillations of shape, driven by time-dependent changes in the spherically
symmetric contribution to the pressure, may be an important factor in high-
Reynolds-number bubble break-up phenomena. A final contrast between the present
case and the bubble response to a pressure impulse without a mean flow is the
continuous interchange of energy between the radial and shape modes. This is similar
to the result obtained in a quiescent fluid (at resonance) due to a step change in the
ambient pressure. In contrast, the resonant response to an impulsive change in
pressure in the absence of flow (v, = 2w,,) always led to a one-way transfer of energy,
from the deformation mode to the radial breathing mode.

The monopole pressure disturbance due to the bubble oscillation in the present
resonant case (i.e. with low and w, = w,) can be shown to take the form

rP™(t) = ewg(A2+242): cos {€4(&)it + 4} sin wy t+ O(ef) (5.30)

which is O(e) even when 4, = 0, i.e. the case in which the initial pressure impulse at
the bubble surface does not have a radially symmetric component. Thus, when the
radial mode and the P, deformation mode are in resonance, a deformation mode at
O(e) will create a monopole radiation at O(e) owing to the continuous energy
exchange between the two modes.

5.3. Resonant interactions at O(e?) for v, = w,

Finally, let us turn to the resonant interactions at O(e¢?). We begin with the case
where w, = w,. In this case, secular terms appear in the governing equations
(5.14)—(5.16) at O(e?) owing both to mode-mode interactions and to the existence of
a frequency shift due to the non-spherical steady-state shape in the straining flow.
We may note that one spemal case occurs, for w, = w,, in which resonance appears
for both the O(el) and O(e?) problems. However, the analysis of the effect at O(¢?) in
this case is independent of the analysas at O(e}) because the response occurs on
different timescales, O(et) here and O(¢¥t) in the previous case.

The analysis at O(e?) is somewhat more complicated because we must choose the
slowly varying functions e, , to eliminate both the ‘self-induced’ and mode-mode
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secularity terms simultaneously. This means that the frequency shift correspounding
to the self-induced secularity will generally be different compared to that caleulated
earlier when w, # w,, and we will also expect a slow variation of the amplitude of
oscillation and/or the phase.

It is, perhaps, useful to consider a specific example to illustrate our case. Thus, let
us suppose that w, = @, so that resonant interactions occur between the radial and
P, shape deformation modes. In this case, to eliminate secular terms, we must choose
a, o and a, , to set the first two terms on the right-hand sides of (5.14) and (5.16)
equal to zero. Hence, we must choose the complex amplitude functions , , and «, ,
to satisfy the conditions

3 : .
oy =10ga (j=0.4, k=04), (5.31)
373-1794y 685
h il il & =
where Coo 28080, Cos 16380,
o - _3175 _ 1973845
40 1820, 47 3862320,

By applying the initial conditions, we can solve (5.31) for «, (1) and a, ,(7). The
resulting complete solution for a, , and a, , is given by

54,C+(Cho—A) A
w4(’\1—’\2)

a; o(f) = a?,o”{' OSin{(w4+6/‘2)t}
_5A4 004 + (Ooo —A)4

0
oih=ny  Snllested)t. (5:32)

5A4 004 + (Ooo" /\1)Ao
(A —Ayp) Coa

a, 4(f) = ai, .t (A= Cyo) sin{(w, +€A,) t}

_ 5A4 004 + (Coo - /\2) Ao
W(A; = Ag) Coy

in which A, and A, are the eigenvalues of C;; and defined as
'\1, 2 = %{Ooo +Cux ((Coo— 044)2 +4Cy, 040)%}- (5.34)

We see that the solution to (5.31) produces both a slowly varying amplitude and a
frequency shift. This is reflected in the analysis by the necessity of simultaneously
eliminating the self-induced and regular mode-mode secularity terms.

The velocity field due to the bubble oscillation can be easily evaluated from the
present solution (5.32)-(5.33), plus the solutions for the other oscillation modes
(» = 0,4) which remain unchanged from (5.18)-(5.19).

An interesting feature of the solution (5.32) and (5.33) is that the two modes
continuously exchange their energy and thus sustain both modes of oscillation for
all time. To see that this is true, we may again consider an example in which 4, = 0.
In this case, the shape oscillation at O(¢) will induce a radial mode oscillation at
0(¢). The solution for the radial mode of oscillation can be expressed as

104,C,, . [(A;—=Ay) } [ e(/\1+/\2)} ]
= § ] A Y A 5.35
ay o) ouls Az)sm 3 Ti0os | wyql o, (5.35)

(A, = Cyp)sin{(wy+ €A}, (5.33)
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Thus, the slowly varying amplitude is sin {}{A, — A,) 7} and the frequency is modified
as Q, = w{l +€(A, + A,)/ 20y}, which is a function of ¢ and . In fact, the frequency
is monotonically decreased as € and vy increase, i.e.

o _ [oal1~0.015606), 7 =10,
¢ lwg(1—0.01631¢), y=14.

5.4. Resonant interactions at O(€?) for w, = 2w,

Finally, we consider the last resonant case when w, = 2w, owing to mode-mode
interactions. In this case, it is again necessary to choose the slowly varying
coefficients a, ,, in such a way that both the self-induced secular terms and the
mode-mode secular terms are simultaneously cancelled. As in the previous example,
this means that the mode—mode interactions not only produce a slow variation in the
amplitude of oscillation, but also a modified frequency shift owing to the mean
deformation. To be specific, we again illustrate results by considering a specific case,
w, = 2w,. Then, it can be seen from (5.14) and (5.16) that the conditions for
elimination of secular behaviour are

0
——oa‘f," =—iB,a, o +iB; ] o, (5.36)
oa; 4 . . N
or —~iByoy 4 +iB,af jay o (5.37)
z 2+10(3y— :
where B, = 25w2‘ N 15ywi+ 0F3y 1), B, = E,
6(w:—wd) v, 240} 4w,
_ 866225 | 225 p 675
*7 1931160, 40w, T 20,

with an initial condition a; ,(0) = [(n+1)4,]i/w,. To facilitate the solution of these
equations, we write the complex functions a, , and «, , in terms of their amplitude

and phase 5 — iM,(r)exp (i0,(7)), a4 = iM,4(7) exp (i0,(7)), (5.38)

where M,, M,, @, and 0, are real functions of 7. On substituting (5.38) into (5.36) and
(5.37), we have

%‘_{Q = —B,M2cos(20,—0,), ol _ B,M,M,cos(20,—0,), (5.39)

or
=—B,M,—B,M:sin (20,—0,), % =—B,—B,M,sin (20,—0,).

00
(5.40)

Then, the complete solutions for the radial mode of oscillation and the P, oscillation
mode can be expressed as

ay (., 7) = a3 ,—M,(1)sin{w,t+ 0O, (1)}, (5.41)
¢y Wt T, 7,7) = na_t‘an('r) cos {wnt+@n(~r)}j:';(z), (5.42)

for n = 0,4. The solutions for the other oscillation modes remain unchanged as in
(56.18) and (5.19).
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FiGUuRE 7. Amplitude modulations as a function of the slow timescale 7 at the resonant state
w, = 2w, for n =4, M (0) =M,(0) =1 and y = 1: (¢) radial mode; (b) P,-mode. The radial and
P,-mode oscillate about 30 and 15 cycles, respectively, during time interval A7 =1 for ¢ = 0.1.

In order to examine the energy transfer mechanism for this resonance case, we
consider several different sets of the initial condition (M, (0),M,(0)).

Let us first consider the case for M,(0) = M,(0) =1 (i.e. 4, = 0, /(n+1); n = 0,4).
The slowly varying amplitude functions M, and M, for this initial condition are
plotted as a function of the slow timescale 7 in figure 7. It can easily be seen that the
two oscillation modes are sustained by exchanging their energy continuously. This
is quite different behaviour from the same case for a quiescent fluid (i.e. w, = 2w,)
where it was found that all of the initial energy of the shape deformation mode is
eventually transferred to the radial mode. Further, as shown in figure 8, the two
resonant modes experience a phase modulation which is not present in the absence
of an external flow. The magnitudes of the phase modulation increase with 7 for both
of the modes. More interestingly, when one oscillation mode undergoes phase
modulation, the other mode oscillates without any phase change. This can be seen in
figure 9 in which the phase diagram, @, vs. 0,, is plotted.

In figures 10 and 11 the phase diagrams, (M,,M,) and (8,,0,) are plotted for
My(0) = 0,M,(0) = 1. In this case each mode undergoes both an amplitude modu-
lation on the periodic orbit ABACA ... in the phase plane (M,, M,) and a phase modu-
lation. It is thus obvious that a bubble which initially executes a P, mode oscillation
at O(e) can create a radial mode at the same order, O(¢), and each mode is
sustained continuously. On the other hand, it can be noted from (5.39) that when
M,0)=0 and My0) =1, Myr)=1 and M,(7) =0 at all times. Thus, when a
bubble initially executes only a radial mode oscillation at O(e) owing to an iso-
tropic impulse in pressure, it cannot create a P, oscillation at O(e). In this case,
the leading-order solution for the P, mode occurs at O(ef) and can be determined



450 S.M.Yang, Z. C. Feng and L. G. Leal

B(1)

0.2 0.4 0.6 0.8 1.0
T

FicURE 8. Phase modulations as a function of the slow timescale 7 at the resonant
state for the same set of parameters as in figure 7.
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Figurk 9. Phase diagram, ©,(7) vs. @,(r), for the same set of parameters as in figure 7.

10 12

from (5.13). This result is different from that obtained for the resonant case at either
O(¢?) when Wy = w, or at O(¢®) when w, = w,. In the latter cases, one mode of
oscillation at O(¢) always creates the other mode of oscillation at the same order.
In figure 12, the phase portraits, M, (1) vs. M(7), for various sets of initial
conditions {My(0),M,(0)} are plotted. When w, = 2w,, the ideal-gas bubble in the
presence of the straining flow continuously executes the radial and P,-deformation
oscillation, on the periodic orbit in the phase plane unless M,(0) = 0, in which case
the bubble exhibits only the radial mode oscillation at all times. This is qualitatively
different from the result obtained for a quiescent fluid (see figure 3). In that case, the
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Figure 11. Phase diagram, @,(r) vs. @,(r), for the same set of parameters as in figure 10.

shape oscillation loses its energy to the radial mode and eventually decays
exponentially. On the other hand, in the presence of the ambient straining flow, the
bubble shape cannot be spherical at all times owing to the non-uniform pressure
distribution imposed by the external flow. The existence of a non-spherical steady-
state shape leads to the qualitatively new effect described above.

Finally, it is noteworthy that the general features of the results discussed in this
section for bubble oscillations eaused by an impulsive change in the pressure in the
presence of a uniaxial flow, are not altered if we consider a step change in pressure,
i.e. (4.26). For the step change, the leading-order solution is given by

1 . n+1)4,
ay o(t, 8, 7) = 5{“1,1;("': §)exp (iw,, t)+a§',,—(——a—)—zl——}+c.c., (5.43)
iw . P.(n)
&yt 7.8 ) = —%i—l)alyn(g, T)exp (iw, t) ] +c.c., (h.44)
with oy n(0,0) = (—’ﬁ%—’z (5.45)

n

instead of (5.4)—(5.6) for the impulse. Thus, the bubble oscillates around a new
steady-state shape af ,—(n+1)A4,/w} with an amplitude (n+1)4,/w}.
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Figure 12. Phase diagram, M,(r) vs. My(7), for various sets of initial conditions {M(0), M,(0)}:
Q, initial point and the arrows indicate the initial direction of the periodic orbits.

6. Conclusion

Small-amplitude oscillations of a bubble in an inviscid fluid have been studied
using the standard method of domain perturbations. This analysis has led to the
following conclusions.

The steady-state analysis shows that the existence of a barrel-like steady-state
shape at the leading order of approximation is independent of the inclusion of bubble
compressibility. The steady-state solution also demonstrates the existence of a limit
point at a critical Weber number beyond which no solution exists on the branch of
steady solutions that includes the spherical equilibrium state in the absence of the
extensional flow. Furthermore, the critical Weber number for existence of a stable-
steady solution is monotonically increased as the natural frequency w, of the radial
mode of oscillation increases. Thus, a gas bubble becomes less stable as the
compressibility increases.

The analysis of small-amplitude oscillation caused by an impulsive or step change
in the pressure at the bubble surface shows that the bubble motion can exhibit a
resonant response owing to interactions between the deformation and radial modes
of oscillation, and may also exhibit a frequency change when the bubble is either
deformed or expanded/compressed away from its initial equilibrium volume.

In the absence of the straining flow, resonance takes place only at O(e?) for an
ideal-gas bubble when w, = 2w, in the presence of an impulsive pressure change and
when either w, = @, or v, = 2w, owing to a step change in the ambient pressure. The
response analysis to the impulse in pressure predicts slowly varying amplitude
envelopes that correspond to one-way energy transfer from the deformation mode
to the radial mode of oscillation when w, = 2w,. On the other hand, the bubble
dynamics in response to a step change in the pressure exhibits, in general, a
continuous exchange of energy when either w, = 0, or w, = 2w, because the bubble
oscillates around a non-equilibrium volume and a non-spherical steady-state shape
owing to the modified pressure distribution on the bubble surface.

In the presence of a uniaxial straining flow, the self-induced secularity always
arises at O(¢*) from the non-spherical deformed shape, and a shape oscillation at O(e)
induced by a pressure change at the same order will generate a radial mode of
oscillation at O(e?) which is considerably stronger than the result [i.e. O(¢?)] obtained
in the absence of the flow. On the other hand, when w, = w,, resonance occurs at O(¢?)
owing to the interaction of the volume oscillation at O(e) and the undisturbed
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extensional flow at O(e?). In this case, a shape deformation at O(e) will create a radial
mode of oscillation of O(¢), and vice versa. Further, when either v, = v, or v, = 2v,,
resonance appears at O(¢?) owing to the combined effects of mode—~mode interactions
and the existence of the non-spherical steady-state shape in the straining flow. For
both resonance cases, the shape deformation mode is sustained continuously by
exchanging energy with the radial mode, and we find not only the slowly varying
amplitude indicated above, but also a phase modulation. Further, in the presence of
flow, the general features of the solution are not altered when we replace an impulse
in the pressure by a step change.

The present work was performed at the University of California, Santa Barbara
during Professor Yang’s leave in 1990-91 under partial support of the Korea Science
and Engineering Foundation. The work has also been supported by grants to L. G.
Leal from the Fluid Dynamics Programs at ONR and NSF.
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